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We consider scalar perturbations of energy–density for a class of cosmological mod-
els where an early phase of accelerated expansion evolves, without any fine–tuning
for graceful exit, towards the standard Friedman eras of observed universe. The
geometric procedure which generates such models agrees with results for string cos-
mology since it works if dynamics is dominated by a primordial fluid of extended
massive objects. The main result is that characteristic scales of cosmological in-
terest, connected with the extension of such early objects, are selected.
Any inflationary model has to satisfy the issue that, during the expansion,
perturbations which are inside the Hubble radius H−1, at the beginning of
inflation, expand, past the Hubble radius, and reenter it at late times as large
scale density perturbations. To calculate the amplitude of density perturba-
tions and to study the transition from inflationary to the Friedman era, it
is necessary to know how the background geometry change with time. Fur-
thermore, a coherent theory of early universe should i) be connected to some
unification scheme of all interactions of nature; ii) avoid the initial singularity;
iii) evolve smoothly, i.e. without fine–tuning, from an inflationary stage to a
decelerating Friedman era; iv) give rise to a perturbation spectrum in agree-
ment both with the observed microwave background isotropy and with the
large scale structures. In other words, a cosmological model, connected with
some fundamental theory, should, at a certain epoch, acquire a deflationary
behaviour 1 and reproduce a suitable perturbation spectrum. Using a quan-
tum geometric procedure 2, we construct a class of cosmological models of
deflationary type wich smoothly evolves towards Friedman epochs. Over this
background, it is possible to analyze the theory of gauge invariant cosmologi-
cal perturbations for the density contrast δρ/ρ connecting it with the scales of
astrophysical interest.
The main hypothesis to build such models is that the early universe is
dominated by a fluid of finite–size objects which give rise to a dynamics very
similar to that of string–dilaton cosmology 3. However, the starting point is
different from that of string theory since our procedure is just a quantum ge-
ometric scheme. We do not need any scalar field to implement inflation, since
the proper size of extended objects, and the geodesic embedding procedure
1
from an eight–dimensional tangent fiber bundle M8 to the usual V4 manifold
of general relativity naturally give rise to an exponential inflationary–like be-
haviour. The quantum geometric procedure and the background model which
we are going to use are treated in detail in 2. Here, we outline the main features
which we need for cosmological perturbations 4. The starting point is that
if we consider dynamics of an extended massive object in general relativity, a
limiting maximal acceleration, compatible with the size λ of the object and the
causal structure of the spacetime manifold, emerges 5. Such a proper constant
acceleration A yields a Rindler horizon at a distance |A|−1 from the extremity
of the object in the longitudinal direction. In other words, the parts of the ob-
ject will be in causal contact only if |A| < λ−1. It is worthwhile to stress that
the parameter A (or λ) is related to the ”mass” of the extended object. Let
us take into account a Friedman–Robertson–Walker (FRW) spacetime whose
scale factor, with respect to the cosmic time t, is a(t). By using the equation
of geodesic deviation 2, we get that the size λ of the object is compatible with
the causal structure if |λa¨/a| < 1. Consequently, we have a maximal allowed
curvature depending on λ and the cosmological model becomes singularity
free. This fact is in sharp contrast with usual perfect fluid FRW cosmology
where curvature and matter–energy density are singular in the limit t → 0.
Then, the introduction of finite size objects, instead of pointlike particles, in
primordial cosmological background, modifies dynamics so that the singular
structure of general relativity is easily regularized. It is worthwhile to note
that such a feature does not depend on the particular background geometry
which we are considering. More formally, a causal structure in which proper
accelerations cannot exceed a given value λ−1 can be imposed over a generic
spacetime V4 regarding such a manifold as a four–dimensional hypersurface
locally embedded into an eight–dimensional tangent fiber bundle M8, with
metric gAB = gµν ⊗ gµν , and coordinates xA = (xµ, λuµ), where uµ = dxµ/ds
is the usual four velocity and µ, ν = 1, ..., 4, A,B = 1, ..., 8 6. The embedding
of V4 intoM8, determined by the eight parametric equations xµ = xµ(ξα) and
uµ = uµ(ξα), gives rise to a spacetime metric g˜µν(ξ), locally induced by the
M8 invariant interval
ds˜2 = gABdx
AdxB = gµν
(
dxµdxν + λ2duµduν
) ≡ g˜µνdξµdξν . (1)
Let us now take into consideration a FRW flat–background modified by such
a geodesic embedding. In conformal coordinates ξµ = (η, ~x), we get 2
g˜µν(ξ) = diaga
2
(
1 + λ2
a′
2
a4
,−1,−1,−1
)
. (2)
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The prime indicates the derivative with respect to η. The cosmic time results
now
t = λ
∫
da
a
(
1 +
a4
λ2a′2
)1/2
. (3)
The Hubble parameter is
H =
a˙
a
=
(
a′
a
)[
a2 + λ2
(
a′
a
)2]−1/2
, (4)
with the limiting value H0 = λ
−1 for λ2(a′/a)2 ≫ a2. It is easy to see that
the scale factor, with respect to the cosmic time t, has an initial exponential
growth which regularly evolves towards a standard Friedman behaviour. The
e-folding number, i.e. the duration of inflation, and the horizon scale depend
on the size λ without any initial value problem or fine tuning. The natural
scale to which to compare perturbations is λ: they are inside the Hubble radius
if they are smaller than λ while they are outside it if they are greater than
λ. In other words, λ determines the crossing time (either out of the Hubble
radius or into the Hubble radius). Considering the (0, 0)–Einstein equation for
a spatially flat model, we have H2 = ρ/3 so that
ρ ≃ 3
λ2
, for λ2
(
a′
a
)2
≫ a2 ; and ρ ≃ 3a
′2
a4
, for λ2
(
a′
a
)2
≪ a2 .
(5)
The first case corresponds to an effective cosmological constant Λ = 3/λ2
selected by the mass (i.e. the size) of the primordial extended objects 2; the
second case is recovered as soon as the universe undergoes the post–inflationary
reenter phase. We stress again the fact that such a behaviour does not depend
on the specific form of the scale factor a and the deflationary phase is smooth.
As in 2, we can couple dynamics with ordinary fluid matter in order to obtain a
more realistic cosmological scenario. In doing so, we have to consider a perfect
fluid state equation p = (γ − 1)ρ which, using also the contracted Bianchi
identity in FRW spacetime gives the continuity equation ρ˙ + 3H(p + ρ) = 0 ,
from which we get ρ = Da−3γ . As usual, γ is assumed constant. It defines the
thermodynamical state of the fluid and it is related to the sound speed being
γ − 1 = c2s. By inserting this fluid into the Einstein equations, the scale factor
of the universe, expressed in conformal time is 7
a(η) = a0η
2/(3γ−2) , (6)
where a0 is a constant depending on λ and γ. The matter–energy density
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results,
ρ = 3
(
2
3γ − 2
)2
1
η2
[
a20η
4
3γ−2 + λ2
(
2
3γ − 2
)2
1
η2
]
−1
, (7)
from which ρ ∼ constant for λη6γ/(2−3γ) ≫ 1 and ρ ∼ η 6γ2−3γ in the opposite
case. The standard situations for γ = 4/3 (radiation dominated regime) and
γ = 1 (matter dominated regime) are easily recovered. It is interesting to see
that it is not only the specific value of γ = 0, as usual, that allows to recover
inflation but, mainly, the scale λ. In the regime λ/η ≫ 1, the constant mat-
ter density value is independent of γ. The general gauge–invariant evolution
equation for scalar adiabatic perturbations is 8
Φ′′ + 3H(1 + c2s)Φ′ − c2s∇2Φ +
[
2H′ + (1 + 3c2s)H2
]
Φ = 0 , (8)
where Φ is the perturbation potential, H is the Hubble parameter in the con-
formal time defined as H = a′/a. It is interesting to note that Eq.(8) can
be recast in terms of the scale factor a by the variable change dt = a dη and
da/dt = aH 9. In this way, the information contained in the evolution equa-
tion is directly related to the background. However, for our purposes, it is
better to use the ”conformal time picture” since it immediately shows when
the sizes of perturbations are comparable to the characteristic scale length λ.
For example, if k ≪ H , we have long wavelength modes which furnish the
spectrum of perturbations during inflation. In our case, it is interesting to
compare such modes with the ”natural” scale of the model, that is H0 = λ
−1.
Before performing the Fourier analysis, it is useful to simplify the dynamical
problem by a suitable change of variables. Eq.(8) can be reduced to the simpler
form
u′′ − c2s∇2u−
θ′′
θ
u = 0 , (9)
where θ is
θ =
1
a
(
ρ0
ρ0 + p0
)1/2
=
1
a
(
1
1 + p0/ρ0
)1/2
=
1
a
√
γ
, (10)
and the gauge–invariant gravitational potential Φ is given by
Φ =
1
2
(ρ0 + p0)
1/2u . (11)
From now on, the subscript ”0” will indicate the unperturbed quantities. In
the specific case we are considering, using the solution (6), we get
θ(η) =
[
2
H0γ1/2(3γ − 2)
]
η2/(3γ−2) . (12)
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After the Fourier trasform, Eq.(9) becomes
u′′k +
[
c2sk
2 − 6γ
(3γ − 2)2η2
]
uk = 0 , (13)
which is nothing else but a Bessel equation. The density perturbations can be
written as
δρ
ρ0
= −(ρ0 + p0)1/2
[(
1 +
k2
H2
)
uk(η) +
u′k(η)
H
]
, (14)
where
H =
(
2
3γ − 2
)
1
η
. (15)
The general solution of (13) is
uk(η) = η
1/2 [A0Jν(z) +B0Yν(z)] , (16)
where Jν(z) and Yν(z) are Bessel functions and
ν = ± 3γ + 2
2(3γ − 2) , z = cskη ; (17)
A0 and B0 are constants. The large scale limit is recovered as soon as k
2 ≪
θ′′/θ, or k ≪ H . This means that the solution (16) becomes
uk(η) ≃ η1/2
[
A0
Γ(ν + 1)
(
cskη
2
)ν
− B0Γ(ν)
π
(
cskη
2
)
−ν
]
. (18)
For different values of γ, the index ν can be positive or negative determininig
growing or decaying modes. In the vacuum–dominated era (γ = 0), we have,
for k → 0,
uk(η) ∼
[
B0
√
2
πcs
]
k−1/2 , or
δρ
ρ0
∼

B0
√
2(ρ0 + p0)
πcs

 k−1/2 . (19)
This is a nice feature since the spectrum of perturbations is a constant with
respect to η as it must be during inflation, when dynamics is frozen 10. As we
pointed out, we recover the case γ = 0 any time that H0 = λ
−1 = kλ, that is
the feature of the spectrum is fixed by the natural scale of the model If γ is
5
any, in particular γ = 1, 4/3, 2, corresponding to the cases ”dust”, ”radiation”
and ”stiff matter” respectively, we get
uk(η) ∼ A0
Γ(ν + 1)
(cs
2
)ν
η(ν+1/2)kν − B0Γ(ν)
π
(cs
2
)
−ν
η(1/2−ν)k−ν . (20)
In particular, for k → 0, only the second term survives. The density contrast,
in the same limit, is
δρ
ρ0
∼ B0Γ(ν)
π
√
ρ0 + p0
(
2
cs
)ν
(3γ − 2)2
12
η(
5
2
−ν)k(2−ν) . (21)
It is interesting to note that, for γ = 1, ν = 5/2 and δρ/ρ0 ∝ k−1/2, that is we
lose the time dependence also if the scales are reentered the horizon (for γ = 1
we are in the Friedman regime). The small scale limit is recovered as soon as
k2 ≫ θ′′/θ. The solution can be written as
uk(η) ∼
√
2
πcsk
[A0 cos(cskη) +B0 sin(cskη)] , (22)
so that the density contrast is an oscillating function in η. In conclusion, the
main point of our model is that the size of the objects gives rise to an inflation-
ary period that smoothly evolves toward a Friedman era. As a consequence,
the cosmological perturbations are affected by such a dynamics since the scales
are regulated by the size λ which gives the Hubble horizon H0 = λ
−1 during
inflation. Then the limits to compare very large scale structures and small
large scale structures are k ≪ H0 and k ≫ H0. In other words, λ fixes the
time at which perturbations cross the horizon and reenter into it without any
fine–tuning.
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